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ABSTRACT

SATISFICING THEORY AND NON-COOPERATIVE GAMES

Matthew Nokleby
Department of Electrical and Computer Engineering

Master of Science

Satis cing game theory is an alternative to traditional noneooperative game
theory which o ers increased exibility in modeling players'social interactions. How-
ever, satis cing players with con icting attitudes may implement dysfunctional be-
haviors, leading to poor performance. In this thesis, we presetwo attempts to
\bridge the gap" between satis cing and non-cooperative gaméheory. First, we
present an evolutionary method by which players adapt their titudes to increase
raw payo , allowing players to overcome dysfunction. We exted the Nash equilib-
rium concept to satis cing games, showing that the evolutionarynethod presented
leads the players toward an equilibrium in their attitudes. $cond, we introduce
the conditional utility functions of satis cing theory into an otherwise traditional
non-cooperative framework. While the conditional structue allows increased social
exibility in the players' behaviors, players maximize indivMdual utility in the tradi-
tional sense, allowing us to apply the Nash equilibrium. We nd tht, by adjusting

players' attitudes, we may alter the Nash equilibria that result.
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Chapter 1

Introduction

1.1 Background

Game theory is a mathematically rigorous study of decision malg when
individuals must interact with others. Individuals are modeéd as \players," each
of which must choose a strategy to enact. Typically, it is assumedhat players are
self-interested and therefore play strategies that maximizénéir payo . Each player's
payo is quanti ed by a utility function, which is a function of the strategies played
all of the players. This makes maximization a complex problem Games can be
divided into two main categories: incooperativegames, players may communicate
and form binding agreements prior to play, while imon-cooperativegames players do
not communicate or collaborate.

While game theory is traditionally identi ed with economics or sociology lit-
erature, engineers and computer scientists have increasingiyed it in the design of
arti cial multi-agent systems, such as air-tra ¢ control [1, 2], cooperation in ad-hoc
networks [3, 4], and resource allocation in wireless networls 6]. Agents are mod-
eled as players in a game. In non-cooperative games, playdnisase strategies that
maximize individual payo without regard for the payo s obtained by others. While
a player does consider the strategies played by others, it is prilecause their actions
may a ect its utility. Individual maximization, also called individual rationality, leads
players to the well-known Nash equilibrium [7], where the plays choose strategies
such that no single player may increase its utility by changing sategies.

While the maximization of raw payo is a simple and defensiblergerion, this
approach has several drawbacks. First, Nash equilibria often t#o highly ine cient

results where players each earn low payo [8]. Second, humarssely act entirely



out of self interest, particularly in social situations. As noted # Sen, \The purely
economic man is indeed close to being a social moron. Econonfiedry has much
been preoccupied with this rational fool decked in the glorgf his one all-purpose
preference ordering" [9, p. 15]. However, incorporating saticonsiderations into
players' utility functions is a di cult task.

Satis cing game theory [10] has recently been proposed as a mge#&o address
social factors in decision-making. It di ers from classical gaentheory in two main
ways. First, players' utility functions conform to a probabilistic syntax. Players'
utilities are de ned conditionally on the strategies preferred by other players. We then
marginalize the conditional utilities as in probability theory. The \marginal” utility
produced intrinsically incorporates the preferences of ah players. Second, players
posses two utility functions: one to quantify the benets of a peicular strategy
and one to quantify its costs. A strategy for which the bene ts otweigh the costs is
considered \satis cing." The satis cing approach is particulaty useful for engineering
applications, where taking an action may consume resources swhfuel, power, or
computation time. The exibility a orded by these distinctio ns naturally incorporates
social considerations into players' utilities, allowing for sdpsticated behaviors in
arti cial systems [11, 12].

It should be noted, however, that satis cing game theory represés a signif-
icant departure from classical game theory. While the marginhautilities|which are
typically used in choosing strategies|are functions of other payers' preferences, they
are not functions of the strategies played by other players. Ht is, satis cing players
consider the preferences, but not the actions, of other playeirs making decisions.
As a result, satis cing players may play strategies that are di cut to justify given
other players' actions. Satis cing theory and classical game tbey are two almost en-
tirely separate decision theories with little common groundThe considerable body
of knowledge relating to classical game theory therefore sirgptloes not apply to

satis cing players.



1.2 Contributions

In this thesis, we attempt to make meaningful connections bewen satis cing
theory and non-cooperative game theory, allowing the sociaxibility a orded by
satis cing theory while avoiding incoherent behaviors. Furtler, these connections
allow us to apply the theoretical results of traditional noneooperative game theory.

First, we introduce an element of raw utility maximization irto satis cing
games by allowing the evolution of players' attitudes. In saticing games, players'
conditional utilities are often parameterized. These paraaters, which we refer to
as the players'attitudes, characterize the dependence of a player's utilities on the
of the other players and greatly a ect the strategies eventuly played. We augment
the satis cing game by introducing a classical utility represeribg the raw payo to
each player. This utility is a function of the strategies plagd by all of the players.
Therefore, we consider the utility of exhibiting particular attitudes by a two-step
mapping: attitudes map to the strategies played, which map toaw payo s.

This leads us to de ne a non-cooperative game in the playerdtidudes rather
than in their strategies. We present a method by which players ndlify their attitudes
according to the attitudes of other players and the raw payoearned. In this method,
which is based upon the replicator dynamics from evolutiongrgame theory, players
modify their attitudes to improve individual payo s. The dynamics leads the players
towards a Nash equilibrium in their attitudes, which we call amattitude equilibrium.
We apply this approach to the Ultimatum game, a simple two-plagr game.

Second, we introduce the highly useful concept of conditiohatility functions
into an otherwise standard non-cooperative framework. We ra&ih the conditional
utility structure proposed by satis cing theory, but shed the dud-utility concept. As
in satis cing theory, players may condition their utilities on the utilities of others and
are marginalized to form utility functions that incorporate others' utilities. However,
we de ne the conditional utilities such that the marginal utilities are functions of
the strategies chosen by all of the players. Thus, the marginalilities are functions
of other players' preferencesnd actions, rather than only on their actions (as in

traditional non-cooperative theory) or their preferencegas in satis cing theory).
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After solving for the players' marginal utilities, we can maximze individual
utility in the sense of traditional non-cooperative games. Wepgply traditional so-
lution concepts such as the Nash equilibrium to the proposed frawork. We also
examine the Ultimatum game under this framework. The resultsra highly encourag-
ing, suggesting that players still exhibit social behaviors sidair to that of satis cing

theory. However, the powerful tools of classical game theory ls@pply.

1.3 Organization

In Chapter(2, we familiarize the reader with the basics of nooeoperative game
theory. We de ne a classical game and formally de ne the Nash edjbirium. We also
discuss extensive-form games, where players make their movesusatjally rather
than simultaneously, and de ne the subgame perfect equilibrm. We also introduce
the Ultimatum game, and discuss its di culties under classical gae theory.

In Chapter(3, we introduce satis cing game theory. We present #probabilis-
tic structure of the players' utility functions and formally de ne the solution concepts
that characterize satis cing strategies. We also review a satis og formulation of
the Ultimatum game, and show that players with incompatible afitudes may play
incoherent strategies.

Chapter[4 details the attitude dynamics. First, we describe th@augmented
framework required and de ne the attitude equilibrium. We sunmarize the repli-
cator dynamics and extend the dynamics to satis cing games, @atng the attitude
dynamics, which leads to an attitude equilibrium. Finally, ve show the results of
applying this method to the satis cing formulation of the Ultimatum game.

In Chapter 5, we apply the conditional utilities to non-cooprative games.
After reviewing the theoretical underpinnings of classical ity functions, we show
that conditional utilities can be reconciled with the requiements of classical utilities.
We propose a conditional-utility model for the Ultimatum game and show that the
subgame perfect equilibrium changes with the players' attites.

Finally, Chapter |6l concludes the thesis and suggests areas atlier research.



1.4 Notation

We use capital letters A, B, etc.) to denote sets, angAj denotes the cardinal-
ity of set A. Boldfaced lowercase lettersx( y, etc.) refer to vectors, while boldfaced
capitals (F, G, etc.) refer to matrices. Throughout most of this thesis, we do nho
distinguish between column and row vectors, as the distinctios unimportant. How-
ever, when we perform matrix-vector multiplication, vectos are explicitly de ned as
column vectors. Finally, since mass functions play a dual rolesglayers' utilities,
we use expanded notation for clarity. The functionpy (x) represents the marginal
probability mass function over random variableX, or px (x) = Pr(X = x). The
conditional probability mass function px jy (xjy) denotes the probability that X = x

under the assumption that the random variableY takes on valuey.

1.5 A Final Note

In game-theoretic texts, there is often question over which psonal pronouns
(\ne" or \she") are most appropriate when referring to the players. Since the players
typically are not intrinsically endowed with gender, this cloice is occasionally mo-
tivated by an author's opinion on gender issues. In this thesis, wese the neutral
pronoun \it" when referring to players. There are two reasonsof this. First, it is the
author's opinion that a technical thesis is not the place for @ociological statement,
and this choice neatly sidesteps the issue. Second, it underscotiee fact that, in
the end, the \players" discussed herein are mathematical absti#&@ns rather than
sentient beings. While we often anthropomorphize them by reféng to their prefer-
ences, attitudes, or self-interest, the players do not particgie in any true reasoning.
We must acknowledge that the mathematical models presentedreeand elsewhere|
useful as they may be|represent at best a crude approximation othe intractably

complex process of human decision-making.






Chapter 2

Non-cooperative Game Theory

In this chapter we present several basic concepts and resultsiralassical non-
cooperative game theory. We formally de ne a non-cooperat game and discuss the
Nash equilibrium. We then present extensive-form games and thebgiame perfect
equilibrium. Finally, we present the Ultimatum game and discusis di culties under

traditional game theory.

2.1 Formalization

We begin by de ning a set ofn players| = f1;2;:::;ng. Each playeri 2 |
has a setS; of pure strategies or the actions which the player may implement. For
simplicity, we restrict our attention to games with nite pure-strategy sets. Apure-
strategy prole s = (s1;S,;:::;Sy) IS an n-dimensional vector where each elemest
is a member of playeri's pure-strategy setS;. The set of pure-strategy pro les is
the pure-strategy spacewhich is the Cartesian productS = [L; S of the individual
players' pure-strategy sets. Finally, each player has a scalarpayo function (s),
which quanti es the utility obtained by player i from the implementation of the
strategy prole s2 S.

Mixed strategiesare probability distributions over players' pure-strategy sed.
If we denote |Sjj by m;, then We can characterize a mixed strategy as am;-
dimensional vectorx; with the constraints P k2s Xik =1 and xjc 0. Each element
Xik represents the probability that playeri plays pure strategyk 2 S;. Therefore, x;
describes a probability mass function. We assume, as is typictiat players' mixed

strategies are probabilistically independent.



Since the probabilities that are the elements ok; sum to one, each vector
Xi 2 R™ represents an element of then;-dimensionalunit simplex which is de ned
as ( o )

= X; 2 RM: Xk =1:Xx O : (2.1)
k=1

The unit simplex is a convex set of normalized vectors upon whiave impose a ge-
ometric interpretation. The vertices of the unit simplex are the elementary vectors
el =(1;0;:::;0), €2 =(0;1;,0; ;0), etc. These vertices represent the pure strate-
gies, which we may regard as \degenerate" mixed strategies Wwill of the probability
mass on a single element &;.

The interior of the unit simplex is the set of vectors which have only nonzero
entries:

int( )= fx;2 :xk>0; 8kg: (2.2)

In game-theoretic terms, vectors on the interior of the mixedtrategy simplex assign
non-zero probability to each pure strategy irf5;.
The mixed-strategy space is the Cartesian product of the players' mixed-
strategy simplexes:
= Lo (2.3)

each elementx;;i 2 | is a mixed-strategyx; 2 ;. Each entry xjx of the mixed-
strategy pro le represents the probability with which playeri will play pure strategy
k2§S.
With the mixed-strategy pro le well-de ned, we may discuss plgers' expected
utility. Since the players' mixed strategies are independenthe probability that a
particular (pure-) strategy pro le will occur is the product of the individual proba-
bilities
Pr(s) = Xis; : (2.4)



The expected utility u;(x) to player i is the sum of the payo s for each pure strategy

multiplied by the probability that they occur:

uj(x) = i(S)Pr(s) (2.5)
s2S
X y
= i(S)  Xis: (2.6)
s2S i=1

2.2 Nash Equilibria

Under traditional game theory, each player seeks to maximizemected utility
by selecting an optimal mixed strategy. However, since each othplayer also at-
tempts to maximize utility, it is di cult to de ne an optimal mixed strategy. In [7],
Nash de nes anon-cooperativesolution. In non-cooperative games, players may not
communicate or negotiate prior to play. However, it is typicly assumed that players
have full knowledge of the each other's payo functions andniat the players' intent

to maximize utility is common knowledge.

De nition 2.1 A Nash equilibrium is a mixed-strategy prolex 2 such that
Ui(Xgr i X i Xe)  UWilXgiin X i Xy) (2.7)
for eachx?2 ; and for eachi 2 I.

That is, a mixed-strategy pro le is a Nash equilibrium if no playelacting alone|

can improve its expected utility by choosing a di erent mixedstrategy. If a player
chooses a di erent mixed strategy tharx;, and each other player continues to play
its part of x , then playeri's expected utility can only decrease.

Perhaps the most famous example of the Nash equilibrium is the iBoner's
Dilemma [8]. In this scenario, two suspects are separately integated by police.
They have committed two crimes: a minor o ense and a major felgn The authorities
have su cient evidence to convict them of the lesser crime, but @ed testimony to
convict either of them of the felony. The interrogators o era deal: in return for

testifying against the other, a prisoner will be forgiven for tke lesser o ense. However,



even after agreeing to testify, a prisoner can be convicted did greater crime if the
other prisoner also testi es. Here, the set of players is= f1;2g, and each player's
pure strategy set iIsS; = S, = (Not Confess, Confess). We express the players'
payo functions in the payo matrix in Table 2.1. Note that the entries in the matrix

represent payo rather than prison time, with higher payo implying less prison time.

Table 2.1: Payo matrix for the Prisoner's Dilemma.

Player 1
Player 2 Not Confess Confess
Not Confess 4 4 (5; 1)
Confess (15) (2; 2)

From the payo matrix, we can see that the unique Nash equilibrim is the
pure-strategy pro le s = (Confess, Confess), where each player testi es against the
other. Even though both players would be better o unders = (Not Confess, Not
Confess), self-interest drives the players towards an ine cignalbeit stable, equilib-
rium point.

Theorem 2.1 Every game with a nite pure-strategy space has a Nash equilitm.

Proof: Here we reproduce the proof given by Nash in [7]. First, we de ne arhily
of continuous functions ofx 2 by

is; (X) = Max(0; ui(Xa; 105X 1,€% 5 Xisn 5000 Xn)  Ui(X)): (2.8)

In other words, i, is the increase in expected utility (if any) that playeri gets if it
changes from its current mixed strategy; to the pure strategy s;, denoted by the
degenerate mixed stratege® .

Using is;, we de ne a mapping that updates the players' mixed-strategy no-
les according to the relative payo s. De ne the mapping T(x) = x°by

0 _ XiSD+ iSi(X)
iSi -

T+ e is(X); 8i 2 I: (2.9)

10



SinceT is a continuous mapping from to itself, and since can always be repre-
sented by a unit ball, T is guaranteed to have at least one xed point by the Brouwer
xed point theorem.

Finally, we show that the xed points of T correspond to Nash equilibria. If
X is a xed point of T, then 5 (x ) must be zero for everyi and s;. Therefore, no
player can improve its expected utility by changing to a purestrategy. Since no pure
strategy can yield higher payo , neither can any mixed strateg making x a Nash
equilibrium. Since a xed point of T must exist, and since any xed point ofT must
be a Nash equilibrium, a Nash equilibrium must exist. [ |

Theorem 2.1 guarantees that an equilibrium exists in mixed sitegies. While many
games have pure-strategy equilibria, such equilibria do nokist in general, as shown
by the familiar Rock-Paper-Scissors game. In this game, twogylers ( = f1;2Q)
simultaneously show one of three sign$S{ = S, = fRock, Paper, Scissor). Rock
defeats Scissors, Paper defeats Rock, and Scissors defeats Pa@¢herwise, a tie

results. These payo s are formalized in Table 2.2.

Table 2.2: Payo matrix for Rock-Paper-Scissors.

Player 1
Player 2  Rock Paper Scissors
Rock (G 0) ( 55 (5 95
Paper (5 5) (0;0) ( 5 5)
Scissors (5,5 (5 5 (0; 0

A careful look at Table/ 2.2 reveals that there is no pure-stragy equilibrium.
Regardless of the pure strategies played, at least one playeshacentive to switch to
a di erent pure strategy. However, it is straightforward to showthat if both players
choose the mixed strategyx; = X, = (1=3;1=3;1=3), neither player can improve

expected utility by choosing another mixed strategy.
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2.2.1 Extensive-Form Games

While every nite game has a Nash equilibrium, it may not be unige. This has
motivated a number of equilibrium re nements, perhaps the m&t notable of which is
the subgame perfecequilibrium [13]. To discuss the subgame perfect equilibriumve
must rst consider games inextensive form In extensive form games we explicitly
de ne the order in which players make their moves and the infmation available to
each player at each stage. We restrict our attention to gamestiiperfect information,
where each player has complete knowledge of the moves of gavious player. For
a more comprehensive study of extensive-form games, see [14].

An extensive-form game will often have signi cantly di erent stategic prop-
erties. For example, consider a two-player game where playemiakes its decision
rst, and player 2 makes its decision after observing player 1'action. In this case,
player 2's pure strategys, is speci ed as a function of the pure strategy played by
player 1. That is, player 2 chooses among the functiorss : S; ! S, that map from
player 1's pure-strategy set to player 2's pure-strategy set. Weay think of these
strategies as plans for all possible \contingencies": whatevptayer 1 does, player 2
has a response de ned by the functios,(s;).

Since player 1 makes its decision rst, it may be able to \forceplayer 2 into
making a desired decision. Or, alternatively, player 2 may bebke to exploit the fact
that player 1 has already made its mové.

Consider the game Chicken, where two players drive cars at baather to see
who, if anyone, will swerve. The set of players i = f1;2g and the players' pure
strategy sets areS; = S, = f Swerve, Not Swervg. We present a simple form of the
game where each player makes its decision once, without thespibility of changing

its mind afterward. We express the payo functions in Table 2. If neither player

In the Paper-Rock-Scissors game, sequential play signi cantly alters the gae. No matter what
player 1 does, player 2 can win the game.

12



Table 2.3: Payo matrix for Chicken in normal form.

Player 2
Player 1 Swerve Not Swerve
Swerve G 0 ( 10, 10)

Not Swerve (10 10) ( 100 100)

swerves, the cars collide and both players incur signi cant nagve utility. If both
players swerve, no utility is gained. However, if one player swes and the other does
not, the non-swerving player \wins" and garners positive utilly while the losing player
incurs negative utility. There are two pure-strategy Nash eqlibria: s = (Swerve, Not
Swerve) ands = (Not Swerve, Swerve). Unfortunately, in the normal-form gare, it
is di cult to say which equilibrium should result from rational players.

In an extensive-form version of Chicken, however, the analyss more inter-
esting. Extensive-form games are commonly displayed in a gamed, which displays
graphically the order in which players move, the players' chces at each stage, and
the payo s to the players. The game tree for the extensive formf&hicken is shown
in Figure(2.1. Player 1 moves rst, and chooses whether or not ®werve. Player 2,
after observing player 1's choice, also chooses whether or nosiverve. The resulting

payo s are the same as those from the payo matrix in Table 2.3.

Swerve Not Swerve

Swerve Not Swerve Swerve Not Swerve

0;0 1G, 10 10,-10 -100,-100

Figure 2.1: Game tree for Chicken in extensive form.
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We may also represent the extensive-form game as a normal-forenge and
display a payo matrix, as in Table[2.4. That is, rather than viewing the game se-
guentially where player 2 moves after player 1, we can view ds a game where the
players choose strategies simultaneously, except that playés 3trategy is a function
of player 1's strategy. That is, player 1 chooses a strategy, andager two chooses
a \contingency" strategy that is a function of player 1's chate. Therefore, the dis-
tinction between this new payo matrix and the original one gven in Table 2.3 is
that player 2's strategies are expressed as functions of playes actions, where X;y)
indicates that player 2 playsx if player 1 swerves and playy if player 1 does not.
For convenience, we abbreviate \Swerve" and \Not Swerve" asS\' and \NS," respec-

tively.

Table 2.4: Payo matrix for Chicken in extensive form.

Player 2
Player 1 (S, 9) (S, NS) (NS, S) (NS, NS)
Swerve (0 0) (0; 0) ( 10,10) ( 1G,10)
Not Swerve (10 10) ( 100 100) (1Q 10) ( 10G 100)

There are three pure-strategy Nash equilibria, each of which cespond to a
pure-strategy equilibrium from Table 2.3. The rst two, which result in the same
eventual actions, occur when player 1 does not swerve and plageplays (S, S) or
(NS, S). In the third, player 1 swerves and player 2 plays (NS, NS)hd refuses to
swerve regardless of player 1's actions.

To choose between these equilibria, we de ne the subgame petrfsguilibrium.
In a subgamea history of moves has already been played. In Chicken, forample,
there are three subgames. First, there is the trivial subgame wigeno move has been

played, and both players must choose a strategy. There are alsmotaubgames where
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player 1 has chosen whether or not to swerve. In these subgamesy@ita2 plays
alone. Note that subgames themselves are well-de ned games sititey have a set of
players, a pure-strategy space, and payo functions. We may thefore consider the

Nash equilibria of these subgames, which motivates the subgamefpet equilibrium.

De nition 2.2 A strategy pro le is a subgame perfect equilibriumif it is a Nash
equilibrium of every possible subgame.

For Chicken, there is a unique subgame perfect equilibrium. ek's consider
each subgame individually. Obviously, each of the three eqbitia are still equilibria
of the rst subgame, since it is equivalent to the full game. Nextconsider the
subgame where player 1 has chosen to swerve. Since only playendbses an action,
the equilibria are simply the actions that maximize player & payo . Here, s, = (NS,
S) and s, = (NS, NS) are equilibria, sos, = (S, S) cannot be player 2's part of a
subgame perfect equilibrium. Finally, consider the last subgamwhere player 1 has
chosen not to swerve. Here, the equilibria are;, = (S, S) and s, = (NS, S), which
eliminatess, = (NS, NS) as player 2's part of a the subgame perfect equilibrium

Thus, in the unique subgame perfect equilibrium, player 1 chees not to
swerve, and player 2 chooses = (NS, S) and ends up swerving. In a common abuse
of notation, we say thats = (Not Swerve, Swerve) is the subgame perfect equilibrium
even though, strictly speaking, player 2's strategy is a funain of player 1's choice.
Note that only the \reactive" strategy, where player 2 does theopposite of player
1, survives as an equilibrium of each subgame. In this sense the gaime perfect
equilibrium can be said to remove equilibria that result from hon-credible" threats.
For example, the strategy (NS, NS) is not a credible threat becaa player 2, after
observing that player 1 chooses not to swerve, will swerve to asioa collision and

maximize utility.
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2.3 The Ultimatum Game

The Ultimatum Game has become a common example for illustratnthe
weakness of classical game theory as a model for human behavidre game consists
of two players ( = f1;2g): the proposer (player 1) and the responder (player 2).
The proposer and the responder must agree on the division of a @oll The game
is played sequentially: the proposer o ers some fraction to theesponder, who must
decide whether or not to accept it. If the responder accepts ¢ho er, they divide the
dollar as proposed. Otherwise, each player receives nothing.

The proposer's strategy space is typically de ned as the (uncatable) unit
interval [O; 1], which complicates analysis. Thus, we pattern our presentat after
Gale et al. [15] and examine a simple quantization which capts the \heart" of the
game while simplifying analysis. In this version, the proposer ers either a high or
low fraction (S; = fHigh, Lowg) to the responder, who again may choose to accept
or reject (S, = fAccept, Reject) the o er. The payo s are shown in Table[2.5. We
useh and | to denote the numerical value of the high and low fraction, spectively,

with h>1.

Table 2.5: Payo matrix for the Ultimatum minigame.

Responder
Proposer  Accept Reject
High (2 h; h) (0;0)
Low @ L1 (0;0

The unique Nash equilibrium (which is also subgame perfect) fohis version
of the Ultimatum game iss = (Low, Accept). We can also show that, regardless of

the quantization, there is a unique subgame perfect equililim in which the proposer
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o ers the smallest possible nonzero fraction and the respondercapts it. However,
this strategy is rarely implemented by human decision-maker&eal-life proposers are
more likely to give fair o ers, and responders often reject uafr o ers, even though
doing so reduces raw payo | [16, 17].

These ndings suggest that players' utility functions are a eced by consid-
erations other than raw payo. Several models have been proped in recent years
to account for this. Fehr and Schmidt [18] propose an \inequityaversion” model
in which players exhibit a preference for strategy pro les tht limit the di erence|
positive or negative|between its payo and the payo of the ot her players. If players
are su ciently averse to unfair outcomes, more \realistic" equliibria result. In Chap-
ter (3, we discuss a satis cing model for the Ultimatum game presemtéy Stirling et.

al [19] which also allows for fair outcomes.
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Chapter 3

Satis cing Game Theory

3.1 Motivation

In satis cing game theory, players eschew the assumption of inddual ratio-
nality which is fundamental to non-cooperative game theoryWhile the simple and
reasonable assumption of rationality has given rise to a rich ansliccessful theory,
raw maximization may betoo simple, particularly in describing social situations. As
observed by Luce and Rai a, \general game theory seems to be ian a sociological
theory which does not include any sociological assumptions.t may be too much to
ask that any sociology be derived from the single assumption of in@lual rational-
ity,” [20, p. 196]. Satis cing game theory provides an alterative to the traditional
approach. It presents a more elaborate structure which may beare useful in mod-
eling social behaviors. Players may directly concern themsetswith the preferences
of others and do not explicitly attempt to maximize utility.

To describe this, we alter the structure of the players' utility tinctions. First,
each player possesséwo utilities: one to characterize the bene ts associated with
taking an action, and one to characterize the costs. For a satisrg player, an action
for which the bene ts outweigh the costs is a \good enough” or §a cing decision and
may be implemented. Second, the players' utility functions slte a common syntax
with probability mass functions, allowing probabilistic conepts such as conditioning
and independence to be applied to players' preferences|albewith a signi cantly

di erent interpretation.
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The use of probability mass functions to describe a player's gezences rather
than a random phenomenon is an unusual one, and warrants fugh explanation.
Stirling [21] provides a rigorous mathematical justi cation. It is shown that players'
utilities must conform to a probabilistic syntax in order to satsfy several desirable
axioms. We present a similar argument in Appendix A. Fortunatelyhowever, the
bene ts of such a model may also be appreciated intuitively.

For two discrete random phenomen& and Y, whereY is dependent onX,
we can express the probabilities fol¥ by the conditional mass functionp, x (Yjx).
The conditional mass function gives hypothetical probabties of Y: what would be
the probability that Y = vy if we knew that X took on the value x? If we know
the probabilities for X = x, we can compute the marginal mass function accord-
ing to basic rules of probability theory: p, (y) = P « Pvix (YiX)px (X). The marginal
mass function is a convex combination of the di erent conditinal mass functions de-
scribed byp, x (Yjx), with the weights of the convex combination given by (x). The
marginal probabilities for Y are therefore in uenced|but not entirely dictated|by
the probabilities of X .

Similarly, players' preferences may depend upon the prefaeces of others, al-
lowing their utilities (which are called social utilities) to be expressed as conditional
mass functions. The conditional mass functions allow for hyplogtical expressions of
utility: what would player 1's utilities be if player 2 unilaterally preferred a partic-
ular action? We may compute player 1's marginal utilities|which are the utilities
used for decision-making|by summing the conditional utilities over player 2's actual
preferences. This structure allows players to consider not silgpwvhat actions other
players may prefer, buthow strongthe preferences for action are. Their utilities are
in uenced by others' preferences in a controlled manner whiadoes not require them

to discard their own preferences.
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3.2 Formalization

As in the classical theory, we rst de ne the set on playersl = f1;2; ;ng.
We denote each player's pure-strategy set &%. A strategy pro le is an n-dimensional
vectoru 2 U, whereU = L, U; is the pure-strategy space. In satis cing game theory,
we will concern ourselves only with pure strategies and not ceider mixed strategies.

So far, the formalization of satis cing theory is identical tothe classical formal-
ization. However, in de ning the players' utilities, satis cing theory is signi cantly
di erent than the classical approach. First, each player possess@# social utilities.
To describe these, we rst de ne two \selves" or perspectives from lich each player
may consider his actions. The selecting self of playerconsiders actions strictly in
terms of their associated bene ts, while the rejecting self comgrs actions only in
terms of the costs incurred in implementing them. These selveseadescribed by
the selectability functionps, (u;) and rejectability function pg, (u;), respectively. Note
that, unlike traditional utility functions, social utilitie s are de ned over playeri's
pure-strategy setU; rather than over the pure-strategy spacéJ.

Since social utilities are mass functions, they are normalizeatross the pure-
strategy sets and therefore describe theelative bene t and cost associated with a
pure strategy u; 2 U. They also provide players with a formal de nition of good
enough. A pure strategy is \good enough," or satis cing, if the élative bene t is at
least as great as the relative cost. This permits us to de ne thiedividually satis cing

setfor playeri as

i= u2Ui:ips(u) ap (u) ; (3.1)

whereq s the index of caution Typically, g= 1, but a player may adjust its de nition
of \good enough” by changingg. Settingq 1 ensures that ; is not empty. We may

combine the players' individually satis cing sets by forming tle satis cing rectangle
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<12 n, Which is de ned as the Cartesian product
<12n= iy i (3.2)

Any strategy prole u 2 <, , is simultaneously satis cing to each player in terms
of its individual preferences.

When specifying the players' conditional utilities, it is conenient to express
the relationship between players graphically. In probabtly theory, relationships be-
tween random variables are expressed in Bayesian networks. 3amy, in satis cin
theory the relationship between players' utilities are expigsed inpraxeic networkﬂ
The praxeic network consists of a directed acyclic graph (DAGWwhere the nodes
are the selecting and rejecting perspectives of each playerdahe edges are the con-
ditional utility functions. For example, consider the simple wo-player community
depicted in Figure/3.1. For each player, the rejecting praefences depend on the
selecting preferences of the other player, while the selegiipreferences are indepen-
dent. For large communities where the interdependence stituce is highly complex,
we may employ established methods such as Pearl's Belief Progtgn Algorithm

[22] to analyze the community.

Figure 3.1. A simple praxeic network.

1The term praxeic is derived from praxeology which refers to the study of human behavior.
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In discussing the players' social utilities, we retain the terminogy of prob-
ability theory. In the community from Figure 3.1, we refer to Player 1's condi-
tional rejectability function, denoted p:,;s,(V1ju2). The conditional mass function
expresses hypothetical utility: if Player 2's selecting prefences entirely favored strat-
egy u,, what would be Player 1's rejectability forv,;? As with probability mass func-
tions, we may compute themarginal rejectability by summing over the conditionals,
Pr, (V1) = P uy2U, Pryis, (V1jU2)Ps, (U2). The marginal utilities determine the individu-
ally satis cing sets and the satis cing rectangle. If a utility is independent (such as
the selectability functions in this example), its marginal $ expressed directly, without
conditioning.

With the marginal and conditional utilities de ned, we de ne the interdepen-
dence functionps, <.z, &, (Us; “Up; Ve, :Vn), Which is the joint mass function
of all players' selecting and rejecting preferences. By the dharule of probabil-
ity theory, the interdependence function for this examplesips, s,r,r,(U1; U2; V1; Vo) =
Prjs, (V] U2) Pryss, (V2] U1) Ps, (U1)Ps, (Us).

Satis cing games are characterized by the triplel(U;ps, s,r, =,)- From
this information, all necessary marginal utilities can be coputed and the satis cing

rectangle can be determined.

3.3 The Ultimatum Game

In this section we review the satis cing model of the Ultimatum gene pre-
sented in [19]. It provides both an example of how players' comidnal utilities are
de ned and an illustration of the strengths and weaknesses of theatis cing ap-
proach. As in Chapter 2, the set of players i = f1;2g and the pure-strategy sets
are U; = fHigh, Lowg and U, = f Accept, Reject.

In the satis cing model, the players' behavior is governed by thir attitudes.

The proposer's attitudes are described by itsitemperance index 2 [0;1]. If =1,
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the proposer is exclusively concerned with maximizing payo .As decreases, it
is increasingly willing to compromise. The responder's attides are described by
its indignation index 2 [0;1]. If = 0, it will accept any fraction o ered. As
increases, the responder becomes increasingly willing to fadrfes share in order to
punish the proposer.

This is modeled explicitly by the players' social utilities. Inthis game, the
selectability functions are associated with the bene t|the fr action of the dollar re-
ceived. The rejectability functions express the risk of losinthe entire dollar due
to the responder's rejection. Since the proposer acts rst, itgtilities are speci ed
unconditionally. The proposer's selectability is concernedith bene t, and the desire

to keep the larger fraction for is determined by the intempeamnce index:

8
E1 ;  for u; = High

: (3.3)

psl(ul) =
X for u; = Low

To avoid losing the entire dollar, the proposer considers the sponder's indignation

index in constructing the rejectability function:

8
2 @a ) for v = High

-81 (2 ); foruy=_Low

Pr, (V) = (3.4)

The responder, who plays second, conditions its utility funains on those of

the proposer. It wishes to maintain its fraction of the dollar vkile reserving the right
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to punish an intemperate proposer. The responder's conditioheejectability is

%
_%

1 for u, = Acceptju; = High

o

for u, = Rejectju; = High

pSzjsl(UZjul) = (35)

1 ; foru, = Acceptju; = Low

: for u, = Rejectju; = Low

If the proposer unilaterally favors the high o er ( = 0), the responder will entirely
prefer to accept the oer. However, if the proposer favors theow oer ( = 1),
the responder prefers to reject the o er according to its indination index . The
conditional rejectability encodes the same preferences, aisdgiven by

8
% 0; for u, = Acceptju; = High

_ 1 for u, = Rejectju; = High

Pr,is, (V2jU1) = ; (3.6)
% : for u, = Acceptju; = Low
-1 ; foru,=Rejectju; = Low

Summing over the conditional mass functions, the responder'sanginal utili-

ties are

8
5 1 ;  for u, = Accept

Ps, (U2) = 5 : (3.7)
o for u, = Reject
8
5 : for u, = Accept

Pr,(V2) = 5 ; (3.8)

1 ; for u, = Reject
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The interdependence function for the Ultimatum game is consicted according to

the chain rule:

Ps,s,rr, (U1; U2; Vi V2) = Ps,is, (U2JU1) Pryis, (V2jU1) Ps, (U1) Pr, (V1): (3.9)

With the players' utility functions are de ned, we examine their actions ac-
cording to the satis cing rectangle. Recall that a pure strateg u; is individually
satis cing for player i if ps (ui)  qp, (ui). In Figure we setq = 1 and show
the satis cing rectangle as functions of and . Four possibilities result depending
on the players' attitudes. In rst region, the proposer is su ciently greedy and the
responder su ciently conciliatory that u = (Low, Accept) is the unique member of
the satis cing rectangle. If is lower and/or is higher, the players implemenu =
(High, Accept). In the remaining two regions, the responder is swciently indignant
that the o ers are rejected.

Figure (3.3 shows a few interesting properties that are typicadf satis cing
games. Consider a responder with an indignation index of, say= 0:6. Notice that
the responder’s actions are not simply (or even primarily) badeon the o er proposed.
For =0:75, the low o er is accepted. However, if the proposer's intengpance index
increases much higher, the proposer refuses. It accepts an loveiofrom a somewhat
moderate proposer and refuses it from an intemperate one. Insthighly sophisticated
behavior, the responder punishes the proposer not for its aati®, but for its attitudes.
Such social behaviors may be desirable in the synthesis of ariat decision-makers,
and are di cult to model under non-cooperative game theory.

However, this framework also allows for undesirable behavioConsider the
region where the responder rejects the high fraction. The @mperance index is
su ciently high that the responder punishes even a moderatelyntemperate pro-

poser. Such dysfunctional behavior is somewhat common in satisi\g games and is

26



0.9t (Low, Reject) .

(High, Reject)
0.71 (Low, Accept) |

061 .
0.5
04r .
(High, Accept)

0.3} 1

0.2t i

Figure 3.2: (; ) regions for the satis cing rectangles.

a consequence of the structure of the utilities: players' utiliés depend on the others'
attitudes rather than the strategies they implement. Note thathis poor performance
is quite distinct from the di culties under non-cooperative game theory. In the non-
cooperative solution, players' narrow focus on payo allowshe proposer to exploit
the responder. Here, an overly indignant responder ignores ayo reject even a
high o er.

We hasten to note that dysfunctional behavior is not a failureper seof the
satis cing model. Dysfunctional societies do exist in practiceand the satis cing
model simply suggests that players with incompatible attitude (in this case a highly

indignant responder with a moderately intemperate proposemnay act incoherently.
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However, in designing arti cial societies, we typically prefeto avoid incoherent be-

haviors, sociologically justi able or not.
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Chapter 4

Attitude Adaptation in Satis cing Games

We discuss how satis cing players may adjust their attitudes to iorease their
payo and overcome dysfunctional behaviors such as those shownChapter(3. We
augment the satis cing game by introducing a space of attitudeghat each player
may exhibit and a classical utility de ned for each player overthe pure strategy
space. We de ne the attitude equilibrium, which is a Nash equbbrium in players’
attitudes. After discussing classical replicator dynamics, we shovow the dynamics
can be used to adapt the attitudes of satis cing players. We then siw the results of

applying the attitude dynamics to the Ultimatum game.

4.1 Attitude Equilibria

To introduce the attitude equilibrium and the attitude dynamics, we must rst
embellish the structure of the satis cing game. To do this, we endoeach player with
a classical (von Neumman-Morgenstern) utility function whichg based solely on the

pure-strategy pro le that the players implement.

De nition 4.1  An augmented satis cing games a tuple(l; U; ps, s.r, rn:A; (U)).

The rst three elements are the set of players, the pure-strapg space, and interde-
pendence function as normal. Additionally, we introduce thergmuct attitude space
A = [, Aj containing the attitudes that the players may exhibit and(u), a vector
payo function which describes the raw payo to each player for iplementing the
pure strategy proleu 2 U.

Not all satis cing games may be augmented. To augment a satis cingame,

the players' attitudes must be speci ed as distinct parametersi the social utilities.
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Further, we must be able to construct a \raw" payo function that is separate from
the social utilities. Fortunately, the extension is straightfoward for the Ultimatum
game. The players' attitudes are the intemperance and indigtion indices and

, yielding the pure-attitude spaceA = [0;1] [0;1]. The payo function (u) is
described by the payo matrix in Table(2.5.

The augmented satis cing game describes a two-step mapping frattitudes
to payo s. The social utilities|determined by the interdepend ence function|map
the players' attitudes to strategy pro les! The payo function then maps the strategy
pro le to raw payo s.

Thus, in an augmented satis cing game, we may evaluate the raw ility of
possessing particular attitudes. To simplify notation, we will ocasionally refer to

(a), the payo to the players for implementing the strategy pro le determined by
the attitude prole a2 A. That is, we may think of an augmented satis cing game
as a classical non-cooperative game where players' payo s aretetmined by the
attitudes they adopt, rather than the strategies they implenent.

We may also discussnixed attitudeswhich, by analogy, are probability dis-
tributions over the attitudes the players exhibit. Denoting jU;j by ki, the mixed
attitude of player i is given by a (normalized)k;-dimensional vectorc;. The dis-
cussion of mixed strategies Chapter|2 applies to mixed attitude We assume that
players' mixed attitudes are probabilistically independentof each other. We de ne
player i's mixed-attitude simplex 2 and may analogously discuss its vertices and

interior. The mixed-attitude space is the Cartesian product 2 = L, # which

1 Here, we have glossed over the fact that the satis cing rectangle may contain mtiple pure-
strategy pro les. For simplicity, we will assume that, if necessary, the players employ a tie-breaking
mechanism to select a unique pure-strategy pro le.
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The expected utility u;(c) to player i when the players exhibit the mixed-

attitude prole c2 2 is essentially the same as (2.5):

X Y
ui(c) = i(a) - Gai! (4.1)

azA i=1

Players may now considerchangingtheir attitudes if they result in poor expected

utility. This concept provides the motivation for the attit ude equilibrium.

De nition 4.2  An attitude equilibrium is a mixed-attitude prolec 2 2 such that
ui(Cy;iiisciriin;cy)  u(eysiinichiiiicy) (4.2)
for eachc?2 @ and for eachi 2 I.

The de nition for the attitude equilibrium is almost identic al to that of the Nash
equilibrium. In fact, we may say that an attitude equilibrium is an equilibrium in
players' attitudes, rather than in their strategies. Because ofe analogy between the

attitude equilibrium and the Nash equilibrium, many theoretcal results apply.

Theorem 4.1 Every game with a nite pure-attitude space has an attitude etjb-
rium.

Proof:  Since we can view any augmented satis cing game as a classical non
cooperative game where the pure-attitude space takes the péaof the pure-strategy
space, this result follows directly from Theorem 2\1. [ |

As with the Nash equilibrium, the attitude equilibrium may exist only in mixed
attitudes.

For the Ultimatum game, even though the attitude spaces are ctnuous, it
is straightforward to show that attitude equilibria exist and that they exist in pure
attitudes. In Figure 4.1, the attitude equilibria are the sha@d regions. If the players'
attitude vector lies in these regions, there is no incentive f@ither player to alter its
attitudes. Consider the shaded portion of the (High, Accept) regh. The responder
receives maximum payo, and therefore has no reason to dewat Similarly, the

proposer cannot improve its payo by changing . While the proposer does not earn
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maximum payo , changing can only drive the responder to reject the o er, resulting
in lower payo . Similarly, in the shaded (Low, Accept) region,altering can only
result in the o er being rejected. For any other pure attitudepro le in A, at least

one player stands to increase payo by changing attitudes.

0.9 (Low, Reject) T

0.8 .
(High, Reject)

(Low, Accept)

0.6 .
0.5
0.4r¢
(High, Accept)
037

0.2

0.1

Figure 4.1. Attitude equilibria for the Ultimatum game.

The players' attitude equilibria result in the acceptance of ither the high or
low o er. By contrast, the traditional Nash equilibrium results in the acceptance
of only the low o er. The attitude equilibrium provides a usetil juxtaposition of

satis cing theory and individual rationality: we retain the social structure which
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allows the high fraction to be o ered, but eliminate the possility that con icting
attitudes will result in the forfeiture of the entire dollar.

Unfortunately, the attitude equilibrium concept does not tdl us which equilib-
rium these players will adopt. It simply says that if their attitudes lie in an equilibrium
region, neither player has incentive to deviate. Therefoyave turn to evolutionary

mechanisms to explore which equilibrium will result under dierent initial conditions.

4.2 Replicator Dynamics
4.2.1 Derivation

In this section we detail the classical replicator dynamics fro evolutionary
game theory, described in [23]. In its simplest form the replitar dynamics involves
a two-player, symmetriJi game described by a single pure-strategy st = S, and
payo function (s;;s;). Consider a population of players that are preprogrammed
to play some pure strategyi 2 S;. That is, regardless of the payo, each player in
the population plays the strategy to which it is programmed.

Let pi(t) represent the number of players playing strategy at time t, and let
p(t) = P i2s, Pi(t) represent the size of the population at time. Finally, de ne the
population sharefor pure strategyi at t asx;(t) = pi(t)=p(t). The population share
Xi(t) can be interpreted probabilistically: if we draw a member othe population
randomly at time t, it will be programmed to play i with probability x;(t). We de ne
the vector of population shares«(t) = ( x1(t);x2(t);:::). We may also interpretx(t)
probabilistically as a member of the mixed-strategy simplex .

In continuous time, the members of the population are randoly paired up,
where they play the game in question and earn their payo. In th replicator dy-

namics, players asexually reproduce according to their pay®m That is, the number

2By \symmetric," we mean that the two players are equivalent in terms of their pure strategy
spaces and their payo functions. In a symmetric game, we can exchange the roles ofgyler 1 and
player 2 without e ect.
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of o spring a player has is equal to its payo . We assume that each spring is pro-
grammed to the same pure strategy as its parent. If we let the pafation become
in nitely large, we can invoke the law of large numbers, and th evolution ofp;(t) is

given by a deterministic di erential equation:

H X . -
p(t) = u(e;x(t)) pi(t) = pi(t) (155 )%; (1): (4.3)
i281
In other words, the rate of increase imp;(t) is given by the average utility of playing
pure strategyi (denoted by the elementary vectoe') against a member of the popu-

lation (denoted by the \mixed strategy" x(t)). By the linearity of di erentiation, the

total population size grows according to

X X X
p(t) = m(t) = p(t) (i3 )xix; = [u(x(t); x ()] p(t): (4.4)

i2S; 1251251

Of course, as the population size approaches in nity, it becoes more fruitful to
examine the evolution of the population shares, which remainnite. We start by

rearranging the de nition of x;(t):

_ k(Y.
Xi(t) = oL (4.5)
p(t)xi(t) = pi(t): (4.6)
Next, we di erentiate both sides:

d _d _
G FPOxiMg= £ fptg: (4.7)
p(t)xi(t) + xi(t)p(t) = pi(t); (4.8)
xi(tp(t) = p(t)  p(t)xi(t): (4.9)
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Finally, we apply (4.3) and (4.4), yielding

Xip(t) = u(e;x(t) pi(t)  [u(x(t); x ()] p(t)xi(t); (4.10)
xi() = u(eh;x(®) xi(t)  [ux(t);x(ENIxi(t); (4.11)
xi() = u(eh;x(®) ux();x(®) xi(t): (4.12)

A population share's rate of increase depends on its relativepected utility. If a
the expected utility of a pure strategy is more successful than erage, its population
share grows, whereas less successful strategies tend to die out.

Equation (4.12) gives a complete characterization of the eltion of the in-
nitely large population. The evolution of the population shares is given by system
of rst-order ordinary di erential equations, inducing a unique solution trajectory
(t; x(0)) through the initial conditions x(0). It is shown in [23] that as long as all
pure strategies are represented in the initial conditionsx(0) 2 int()), any steady-
state of the dynamics is a Nash equilibrium. Note that this does not imply that
a steady state exist@ Rather, if a steady-state exists under well-behaved initial

conditions, it must be a Nash equilibrium.

4.2.2 Multipopulation Dynamics

The multipopulation replicator dynamics describes evolutin in asymmetric
games where players are selected from separate player popaola. In the Ultimatum
game, for example, there are two player populations: a poptilan of proposers and
a population of responders. We therefore have two distinct pwsrategy setsS;

and S, as well as two payo functions 1(s;;s;) and ,(S;;S2). In multipopulation

3That is, the mixed-strategy prole x = (x ;x ), where each player uses as its mixed strategy,
is a Nash equilibrium.

4A common example is Rock-Paper-Scissors, described in Chapter 2. Here, the soluito the
replicator dynamics \orbits" around the mixed-strategy equilibrium, but does not appro ach steady-
state.
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dynamics there are arbitrarily many populations, but we willrestrict our attention
to the two-population case. De ne a vector of population shasefor each population:
X (t) describes player population 1, ang (t) describes player population 2.

At each timet a player is drawn from each population to play the game, earn
payo s, and reproduce. The standard two-player replicator dgamics are given by a

system of di erential equations similar to (4.12):

xi(t) = ui(€;y()  u(x();y () xi; (4.13)

Yi() = ua€;x()  ualy(t);x(®) v (4.14)

While this system of equations preserves the intuition from (42), we have
stated them without justi cation. In [23], Weibull notes that this is just one of many
possible multi-population models. This dynamic model glossesemissues peculiar to
the multi-population system such as relative population size ahthe resulting relative
velocities with which the populations evolve. However, it isa convenient model
because of its simplicity and analogy with the single-populain models. Many of the
theoretical results from the single-population dynamics hd] namely, the steady state

of the dynamics, given well-behaved initial conditions as li@re, is a Nash equilibrium.

4.3 Attitude Dynamics

The replicator dynamics is traditionally used to describe thevolution of the
distributions of large populations. However, it can also be usedsa deliberation
process [24] where each player updates its mixed strategy adiog to the mixed
strategy of the other player. Here, we interprek(t) and y(t) as the mixed strategies

of player 1 and player 2. Each player updates its mixed stratggaccording to (4.13)
and (4.14).
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To extend the dynamics to the satis cing case, we operate the riggator dy-
namics on the players' attitudes rather than on the strategiethey implement. De ne
the vectorsc(t) 2 §andd(t) 2 &, which de ne the mixed attitudes for each player
at time t. We require that both players have nite attitude spaces so thac(t) and
d(t) are nite-dimensional. The dynamics allows the players to lter the probabil-
ity with which they will exhibit the attitudes in their attit ude spaces. The attitude
dynamics is given by|((4.13) and| (4.14), except that we considthe expected utility
of the attitudes rather than the strategy pro les. Thus, as longas all attitudes are
represented in the initial conditions, any steady state of the dyamics is an attitude
equilibrium.

To apply the attitude dynamics to the Ultimatum game, we rst quantize the

a set of 100 evenly spaced values on the interval 19. Although this provides a nite
state space for the attitude dynamics, the high dimensionalityrad nonlinearity of the
system of di erential equations makes analysis di cult. Howeve, we can make a few
general statements about the results of the attitude dynamics.

We know that, given well-behaved initial conditions, the stedy state of the
dynamics is an attitude equilibrium in either pure or mixed #itudes. The pure-
attitude equilibria are straightforward and have already ben shown in Figure 4.1.
While the mixed-strategy equilibria are more complicated, @ still can extract a few
simple and useful facts without overly complicated analysis. ft, it is immediate that
any attitude pro le with all of its probability within one of the equilibrium regions
of Figure(4.1 is itself an equilibrium. We cannot rule out, hoever, the possibility of
probability mass located in the non-equilibrium portions ofthe (Low, Accept) and
(High, Accept) regions. Fortunately, an attitude equilibrium cannot have probability
mass in either the (Low, Reject) or (High, Reject) regions. If tare is probability

mass in those regions, each player can improve expected utillhy modifying its
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mixed attitudes until there is no probability of rejecting the fraction. Therefore, the
attitude dynamics are guaranteed to eliminate the dysfunatinal behavior observed
in Chapter|3.

To illustrate the behavior of the attitude dynamics, we study tlke dynamics
of the Ultimatum game under two di erent scenarios by numericly approximating
the solution to the dierential equations de ned by (4.13) ard (4.14). For each
player's initial conditions, we use a two-sided exponential sliribution similar to the
Laplace distribution. Unlike the Laplace distribution, howeer, the two sides are not
symmetric. That is, the initial conditions are given by

8

2ce ), for &
¢(0) = 5 ; (4.15)
T Cezl 2 forag >
where ; and , are chosen such that the expected value of the distribution is
and the variance is an arbitrary 2, and C ensures normalization. This choice of
distribution provides several bene ts in the attitude dynamts. First, we can de ne
an arbitrarily \tight" distribution around the player's desi red initial attitudes while
still giving nonzero probability to each element in the playes attitude space, ensuring
that the steady-state of the dynamics is an attitude equilibiim.

The exponential distribution also encourages players' distriiions to \shift"
to adjacent values rather than \jJump" across the pure-attitue set. Equations|(4.13)
and (4.14) show that the probabilities grow not only accordig to their relative utility,
but also their current values. Therefore, this distribution esures that attitudes close

to the initial mean can grow more readily than those far away. Hhis allows for a

smoother and perhaps more realistic transition in the playerst@études.
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4.3.1 The \Arms Race"

In our simulations we letl = 0:25 andh = 0:75 be the low and high fractions

o ered. In this rst scenario, we initialize the players' attit udes with means ; =

» = 0:2 and variances ? = 2 = 0:001. Initially, the players' attitudes almost
invariably lead to the o er and acceptance of the high fracon. While such behavior
is not necessarily incoherent, their attitudes are not in eqlibrium. The dynamics of
this scenario provides a useful demonstration of the social Nashudiprium as well
as a highly interesting steady state.

Figure (4.2 shows the initial joint distribution of the player's attitudes. Since
the player's mixed attitudes are probabilistically indepedent, the joint distribution is
the product of the marginal distributions. Treating c(t) and d(t) as column vectors,
we express the joint distribution as the matrixJ(t) = c(t)d' (t). Since the responder
initially earns maximal payo , it has no incentive to shift it s attitudes. The proposer,
however, can improve its payo by increasing . In Figure 4.3, we see that the pro-
poser shifts its attitudes such that the joint distribution peaks right on the boundary
between the (Low, Accept) and (High, Accept) regions of the satising rectangle.
The proposer has shifted its attitudes just enough move the plays into the region
where it obtains maximum payo .

Once the shift is made, however, the responder stands to gain bydifying its
preferences. In Figure 4.4, we see the results of an \arms rac#ie responder slightly
increases to move the players to the (High, Accept) region, prompting theroposer
to increase . The players \walk" their attitudes along the High/Low boundary
until they intersect the Accept/Reject boundary. At this point (Figure 4.5), neither
player can improve payo by changing attitudes, and the distibution becomes almost
entirely focused on the boundary point between the four regis. In this case, the
speci ¢ behavior is an artifact of the quantization of the atttude spaces, and the

players end up in the (High, Accept) region preferred by the regmder.
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Figure 4.2: \Arms race" joint probability distribution: t =0.

Figure 4.3: \Arms race" joint probability distribution: t = 35.
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Figure 4.4: \Arms race" joint probability distribution: t = 60.

Figure 4.5: \Arms race" joint probability distribution:  t = 125.
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4.3.2 Overcoming Dysfunction

Consider the dysfunctional pair whose initial conditions areharacterized by
1=0:8, ,=0:9and 2= 32=0:001 (Figure[4.6). Here, the responder rejects
the high o er. The dynamics shifts both of the players' attitudes toward an attitude
equilibrium, but which one? The proposer, of course, would der to end up in the
(Low, Accept) region, while the responder prefers (High, Accept The answer lies
with which one adapts most quickly. Given the these initial coditions, the responder
is able to shift its attitudes to a di erent region more quickly than the proposer. The
responder begins accepting the low o er, and the proposer nanlger has any reason
to adjust its attitudes, resulting in (Low, Accept) as the steady sate behavior (Figure
4.7). Interestingly, in the Ultimatum game, the player who adpats rst ends up in
its second-best region of the satis cing rectangle. Here, whenehesponder adapts
most quickly, the players end up choosing (Low, Accept), whictsipreferred by the
proposer. If we were to specify initial conditions in which theroposer were able to
adapt more quickly, the players would eventually end up in (Hjh, Accept), which
is preferred by the responder. In either case, however, the dys€tional behavior is
overcome and the players choose a strategy pro le that results hon-zero payo to

both players.
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Figure 4.6: \Dysfunctional" joint probability distribution:  t =0.

Figure 4.7: \Dysfunctional" joint probability distribution:  t = 100.
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Chapter 5

Social Utilities in Non-cooperative Games

Here we present a more explicit combination of satis cing and necooperative
game theory. We apply the conditional structure of social utilies to an other-
wise standard non-cooperative game-theoretic model. Plagepossess a single util-
ity, which they may express conditionally, as in satis cing thery. However, each
player's utility is de ned over the entire pure-strategy spae rather than only their
own pure-strategy sets. As in satis cing theory, we marginalize thutilities, but now
we may apply non-cooperative solutions concepts such as the Nasjuilibrium to
the marginal utilities. After detailing this framework mathematically, we construct a
simple conditional-utility model for the Ultimatum game, showng that by adjusting

the players' attitudes we modify the game's subgame perfect @ljprium.

5.1 Von Neumann-Morgenstern Utility Theory

First, we familiarize the reader with the theory of von Neuman+sMorgenstern
utility functions [25]. As usual, we de ne a set of playerd = f1;2;:::;ng who
must implement pure-strategy pro less in the pure-strategy spaceS = [, S;. Let

be the mixed-strategy space, or the space of all probability dstributions over S.
However, instead of de ning the utilities directly, we rst endow each player with
ordinal preferences over the mixed-strategy space.

The ordinal preferences are expressed as a total orderingto player i of the
mixed-strategy prolesin . For x;y 2 and i 2 I, let x ; y signify that x

is at least as preferred toy by playeri, and let x ; y signify that x is considered
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equivalent toy by playeri. Since the preferences specify a total ordering, the follovg

properties must be satis ed for allx;y;z2 and i21I:
1. Reexivity: X X
2. Antisymmetry: x jyandy iXx) X V.
3. Transitivity: x ;yandy ;z) x ;z
4. Completeness: Eithex y ory ;X.

With a total ordering across , players can compare any two mied-strategy pro le

in terms of their ordinal preferences.

De nition 5.1 A von Neumann-Morgenstern utilityis a function ;(s) de ned over
S whose expected value is consistent with the preference orde :

u(x) uily), x iy:8xy2 (5.1)
where u;j(x) denotes the expected value of using the mixed-strategy prolex as
de ned in (2.5).

In other words, a probability distribution is preferred to andher if and only if the
expected von Neumann-Morgenstern utility is greater under # rst distribution

than it is under the second. In [26], existence conditions andqgperties for ; are
discussed in detail. For simplicity, we'll assume that ; is su ciently well-behaved
that ; exists. To conclude our discussion, we note one important propgrof the

utilities.

Theorem 5.1 Let ; be a von Neumann-Morgenstern utility de ned ove8. Let ?
be a positive a ne transformation of ;; thatis, °= a ; + b, wherea is positive and
bis an arbitrary constant. Then ?is also a von Neumann-Morgenstern utility over

S.

Proof: This is shown by the linearity of expectation. Givenx 2 , We can write
the expectation of °as
ud(x) = au;(x) + b:
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Let y and z be two mixed-strategy pro les in . Since a is positive andb is simply
a constant,uXy) u¥z) if and only if ui(y) u;(z). Since ; is a von Neumann-
Morgenstern utility, this is true if and only if y ; z. Thus, uXy) u¥z) if and only
if y iz, making °avon Neumann-Morgenstern utility. [ |

We can show by counterexample that a transformation that isot positive a ne will,
in general, violate ;. In fact, even a monotonic transformation|where the ordering
on pure-strategy pro les is preserved|will, in general, violate the preference ordering

i unless it is a positive a ne transformation.

5.2 Social Utilities
5.2.1 Commitment and Conditional Utilities

As with the von Neumann-Morgenstern utilities, we build the conttional util-
ities from the \ground up," de ning preference orderings fom which the utilities are
derived. We begin by de ning a player'scommitmentto a pure-strategy pro le, which

was introduced in a slightly di erent context in [27].

De nition 5.2  Player i is committed to the pure-strategy proles2 S if
s ir;8rés
and
r iq;8r;qé6 s:
In other words, playeri is committed to s if s is most the most preferred strategy pro-
le and if every other pure-strategy pro le is equally inferor. If player i is committed
to sj, it is the only pure-strategy pro le worthy of consideration.

In our model the players' utilities are based upon total prefemce orderings
over . However, the players' preference orderings are condinal upon the com-
mitments of the other players. That is, playeri species a total preference ordering
over the mixed-strategy spacegiven thateach of the other players are committed to
pure-strategy pro les. Letx s, s .s.. s Y Signify that the mixed-strategy pro le

X Is at least preferred toy to player i given that player 1 is committed tos;, player
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2 is committed to s,, and so on. For convenience, we will use the notatios ; to
refer to the collection of pure-strategy pro les to which theother n 1 players com-
mit, allowing us to denote the conditional ordering as s ;. We stress that these
preference orderings are conditioned on a hypothetical camtment. The players do
not need to be committed to the pure-strategy pro les ins ; for playeri to de ne its
conditional preferences. Instead, if the playeraere committedto the pure-strategy
pro les speci ed, player i's preference ordering over would be jjs ,. Playeri's
conditional ordering must be de ned for each of thgSj" * di erent combinations
of pure-strategy pro les to which the other players may commi These conditional

orderings allow us to de ne conditional utilities:

De nition 5.3 A conditional utility is a function j; i(sjs i) de ned over S" which
satis es the following properties:

1. Consistency:u;j i(Xjs i) Ui i(Yis i), X s, y:8x;y2 ,s;2S"%
P

2. Normalization: ¢ i i(sjsi)=1;8s ;2 S" .

3. Nonnegativity: i; i(sjs i) 0,852 S;s ;2 S" 1.

4

. Uniqueness:ming,s i i(sjs i) =0 unless j; i(sjs i) = ij i(sYs i);8s°2 S.

For eachs ; 2 S" ! to which the remaining players commit, i; i(sijs i) is a stan-
dard von Neumann-Morgenstern utility over the ordering s .. We additionally
impose the normalization and nonnegativity constraints, makig the conditional util-
ities syntactically equivalent to a conditional probability mass function. By forcing
the minimum value to zero, we de ne a unique normalized uttly consistent with
ijs - Since von Neumann-Morgenstern utilities are unique only upota positive
a ne transformation, we simply select the transformation that results in a normal-
ized, nonnegative utility where the minimum is zero.
A player's conditional utility does not necessarily depend othe commitments
of all of the remaining players; it may depend on a subset of themaining players'

commitments or upon none at all.
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De nition 5.4  Player i's conditional utility is preferentially independentof player
j's commitment if

i i (SIS i5S) = ij i (SIS §:5):85° 2 S;

or, equivalently
— . 0 .
ijs jisp = js j ;s 83j 2 S;

wheres j; 2 S" 2 is the collection of pure-strategy pro les to which all thelayers
except fori andj commit. Player i's conditional preference ordering|and therefore
the conditional utility|does not change with the commitment of player ] .

Note that preferential independenckis a one-way relationship. That is, playeii's

independence to playej's commitment does not imply that playerj's utilities are

independent of playeri's commitment. Playerj may still condition its utilities on

player i's commitment. If player i's utilities are independent of the all of the other

players, then we can write its conditional utility and prefeence ordering as; and
i, respectively.

While we regard the players’ commitments as hypothetical inerms of the
conditional utility functions, a player may actually commit to a pure-strategy pro le.
If player i commits to the pure-strategy pro le s , then by the de nition of commit-
ment, playeri's utility is preferentially independent of the remaining payers, and all
of playeri's utility is placed on's , or

8

S1; ifs=s
i(s) =

7 0; otherwise

5.2.2 Marginal Utilities

The conditional utilities express playeri's utility given hypothetical commit-

ments to pure-strategy pro les by the remaining players, promting an obvious ques-

lpreferential independence should not be confused with the familiar notion of \statstical" in-
dependence from probability theory. If two players' utilities are statisticall y independent, then the
joint utility is the product of marginal utilities, or i (si;s;) = i(si) j(sj). While the preferen-
tial dependency relationships between playersio determine whether their utilities are statistically
independent, preferential independence does not necessarily imply statistical independence.
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tion: what are playeri's actual utilities? That is, from the conditional utilities, how
do we extract a utility i(s), de ned over S, for each player?

The conditional utilities conform to the mathematical synta of conditional
probability mass functions. As in Chapter 3, we may appeal to thargument given in
[21], which states that we must use the rules of probability they in order to satisfy
several desirable axioms. From the conditional utility ;; ;, we can form a utility over

S by summing overS" 1

i(si) = : i i(sis i) (s i) (5.2)
s j2sn 1
where (s ;) is the joint utility of the other players. The speci cation for (s i)
depends on the preferential dependency relationships betwmethe players' utilities,
which we will examine in more detail later. However, this joinutility is a mass
function and thus is nonnegative and sums to unity.

As with satis cing theory, and by analogy with probability theory, we refer to

i as playeri's marginal utility. Equation (5.2) denes ; as a convex combination
of the conditional utilities de ned by ;; ;. Playeri speci es its hypothetical utilities
by i i for each of the possible combinations of pure-strategy pro ldéa S" 1. We
then form a weighted sum of each of those hypothetical utilitee where the weighting
is determined by the joint utility ;.

The joint utilities (s i), which are used to compute each player's marginal
utility, depend on the dependency relationships between thaayers' utilities. These
relationships greatly impact whether or not we can extract anique marginal utility
from the conditionals. As we will see, there are dependency riteships for which we
cannot solve for unique marginal utilities de ned by the coniional utilities. As with
the conditional relationships in satis cing theory, we may expess the relationships

between the utilities graphically.
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De nition 5.5 A utility network is a directed (but not necessarily acyclic) graph
with n nodes and an arbitrary number of edges. The nodes represent tilayers'
marginal utilities, while the edges represent conditiongnbetween players' utilities.

Figure 5.1 shows two utility networks that are acyclic. In theutility network shown
in Figure 5.1(a), the rst three players form their utilities independent of the others'
commitments, or j;; ; = ;i = 1;2,3. Since they are mutally independent, the
joint utility of the rst three players is simply the product of marginals, or 1,3 =

1 2 3. Player 4's conditional utility, which depends on each of th remaining players'

commitments, is 4123. The marginal utility is given by

X
4(S4) = 4j123(S4S1; S2; S3) 123(S1; S2; S3) (5.3)
S1;S2;832S
X -
= 41123(S4)S1; 52, S3) 1(S1) 2(S2) 3(S3): (5.4)
S1;S2;832S
89=< 895< 8§;<
82;<
(a)
8§;<
895<  8§5<
8g;<

(b)
Figure 5.1: Two acyclic utility networks.
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In Figure 5.1(b), players 1 and 3 form their utilities indepadently. Player 2's

conditional utility depends on player 1's commitments, andhe marginal utility is

X
2(s2) = 21(S2js1) 1(S1): (5.5)

S$12S

While player 4's conditional utility only explicitly depends on the commitments of
players 2 and 3, there is an indirect dependency on player 1slities, as seen in the

marginal utility:

X
4(S4) = 4i23(S41S2; S3)  23(S2; S3) (5.6)

S$2:532S
X .

= 4i23(S4JS2;S3) 2(S2) 3(S3) (5.7)
$2;832S
X . .

= 4j23(S4)S2; S3) 2j1(S2)S1) 1(S1) 3(S3) (5.8)
$2;832S s12S
X . .

= 4j23(S4JS25S3) 2j1(S2)S1) 1(S1) 3(S3): (5.9)
S1S2;532S

In an acyclic graph, it is always possible to express the playensiarginal utilities
as a function only of the conditional utilities. So, in an acylec graph, the marginal
utilities are always uniquely determined from the conditioal utilities.

Figure 5.2 shows a cyclic utility network with two players. In his network,
the players' conditional utilities are functions of each othr's commitments, meaning
that neither of the players expresses its marginal utility diectly. To appreciate the
di culty associated with such a network, consider the marginal dility of player 1,
which is given by

1(s1) = 5 1j2(S1S2) 2(S2): (5.10)

S22S
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However, , is expressed in terms of ;:

X
2(s2) = 2j1(S2)S1) 1(S1): (5.11)
S12S

89=a0  B9=<

Figure 5.2: Two-player cyclic utility network.

We might wonder whether or not a solution to the coupled equains exists,
and whether or not it is unique. Fortunately, the analysis isdirly straightforward if
we convert (5.10) and (5.11) to matrix-vector equations. Wexgress the conditional
utilities as the jSjj Sj matrices 5, and ;. Each column of the matrices represents
the conditional utility for a di erent pure-strategy commit ment. The matrices are
therefore column stochastic, meaning that each column is noegative sums to unity.
We express the marginal utilities a$Sj-dimensional column stochastic vectors; and

». We can now rewrite (5.10) and (5.11) as

15 12 2 (5.12)

2= 21 1- (5.13)

Substituting the equations into each other yields

1= 12 21 1 (5.14)
2= 21 12 2 (5.15)
Now we have transformed the problem into an eigenvector proloke If =1 is an

eigenvalue for the matrices 1, 21 and ;1 452, then there exists a solution to the
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equations. If there is a unique linearly independent eigerster associated with =1
for these matrices, the solution is unique.

First, we discuss existence. Note that the product of two column stbastic
matrices is also column stochastic. From Perron-Frobenius tbey [28], we know that
every column stochastic matrix has the eigenvalue= 1. Therefore, there must exist
marginal utilities that satisfy (5.14) and (5.15). However, tlere is no guarantee that
a unique solution exists. To see this, let 1, = 1 = [, the identity matrix. Since
all of the relevant matrices are the identity, any stochastic ector satis es (5.14) and
(5.15) so long as we choose; = ,. Here, the conditional utility functions do not
uniquely specify the players' marginal utilities.

A closer look at the conditional utilities provides an intuiive explanation.
Each player's conditional utility is the identity matrix. Such a conditional utility
is an expression of complete indi erence: each player has dbd that its marginal
utility will simply be the other player's utility. Since neit her player expresses any
meaningful preferences, we cannot solve for unique margindilities. In general,
when the conditional utilities do not yield unique marginalutilities, we say that the
marginal utilities do not exist even though technically there may be an in nity of
marginal utilities consistent with the conditional utilitie s.

Finally, we examine the e ect of commitment on the marginal tilities. If
every player except for playeii commits to a pure-strategy pro le, their utilities are
preferentially independent, and all of the utility is placel on the pure-strategy pro le

to which they commit. Letting s ; denote the|S] 1 pure-strategy pro les to which
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the players commit, the joint utility is

Y
i(si)= i(s) (5.16)
I
5 1, ifs;=s,
= 5 : (5.17)
- 0; otherwise
Therefore, the marginal utility for player i is
x .
i(si) = ij i(sijs i) (s ) (5.18)
s j2sn 1
= i i(sijs i): (5.19)

If players commit to pure-strategy pro les, then the resultingmarginal utilities are
simply the conditional utilities evaluated at the pure-straegy pro les to which the

players commit.

5.2.3 Marginal Preferences

We have de ned the marginal utility entirely in terms of the conditional and
joint utilities rather than in terms of a total preference odering. That is, we have
not speci ed a \marginal" ordering ; that is derived directly from ;s ;. However,
when a unique marginal utility ; exists, it doesinduce a total preference ordering

over the mixed-strategy space:

X iy, ux) u(y):

Fortunately, we have de ned the conditional utilities such hat there is a unique con-
ditional utility for every conditional ordering ;s ;. Therefore, when unique marginal

utilities exist, the conditional preferences de ne unique @ &rginal preference orderings
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i. This gives justi cation to the fourth property in De nition 5.3, where we required
a unique normalization on the conditional utilities. In the rext theorem, we show that
without a unique normalization, there is not, in general, a nique preference ordering

i de ned by the conditional orderings jjs ;.

Theorem 5.2 A unique normalization of the conditional utilities guaranées a unique
preference ordering ; to result from the conditional preferences s ;;8i 2 |. More-
over, a unique normalization is a necessary condition for the istence of a unique
preference ordering in the following sense: if we remove theigueness property from
the de nition of a conditional utility, the conditional preferences no longer, in general,
specify unique marginal preference orderings.

Proof:  Su ciency follows directly from the uniqueness of the condibnal utilities.

For necessity, note that by removing the requirement of uniqueormalization, we

can apply a positive a ne transformation to the conditional utilities as long as it

preserves the normalization and nonnegativity constraints. df a conditional utility
ij i, such a transformation is of the form ﬂ .= a jj i + bsuch that

min ij i(sjs ) b<isj’

and
a=1 bjSj:
The choice ofa and bensure that ﬂ ; still meets the nonnegativity and normalization
criteria of a conditional mass function.
Next, consider a simple example where there are only two player®layer
1's conditional utility depends on the pure-strategy pro leto which player 2 (hy-
pothetically) commits, while player 2's conditional utility is independent of player
1. Player 2's conditional utility is therefore equivalent o its marginal utility, or
51(S2)S1) =  2(S2). Denote the two conditional preference orderings 555, and  ».
Player 1's marginal utility is given by
X
1(s1) = 12(81iS2) 2(): (5.20)
$22S

De ne ; as the preference ordering induced by the marginal utility ;.

Now, de ne 2, a positive a ne transformation of , that preserves normal-
ization and nonnegativity as discussed. Since it is an a ne trasformation, 3 is still
consistent with the preference ordering ,. Player 1's marginal utility using 9 is
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now

X
%s1) = 1j2(51iS2) 3(S2) (5.21)

S

= j2(s1js2)(a 2(s2) + b) (5.22)
=X | X |

=a 1j2(S1)S2) 2(s2)+ b 1j2(S1)S2) (5.23)

$22S X $22S
=as)+ b 1j2(S1)S2): (5.24)
S$22S

Dene ¢ as the preference ordering induced by the new marginal utili 9. Since
in (5.24) we sum overs,, the second term is not generally constant with respect to
s;. Therefore, ¢ is not a positive a ne transformation of ; and is not in general
consistent with the original preference ordering ;. Thus, in general, 16 9. Since
positive a ne transformations in the conditional utilities r esult in di erent marginal
preference orderings, a unique normalization on the conditials is required to ensure
a unique marginal preference ordering. |

5.3 The Ultimatum Game

In this section we frame the Ultimatum Game as a non-cooperawgame with
social utilities. We again employ the simple quantized game @ented in [15], where
the proposer o ers a high or low fraction and the responder aqas or rejects the
o er. For convenience, we abbreviate the notation used by deting the proposer's
pure-strategy set asS; = fH; L g and the responder's a$, = fA; Rg. As in previous
chapters, we denote the numerical value of the high and low fitons ash and I,
respectively, withh > 1 .

We model the players with a cyclic two-player utility netwok|each player's
conditional utility depends on the commitment of the other fpayer. Because of this, we
will directly express the players' utilities in the matrix-vector form shown in Section
5.2.2. We assume a sociological model similar to that of the satigng case presented
in [19], where the proposer's only social consideration is fehat the responder might
reject a low o er, and the responder's only social consideratiois indignation over

being o ered an unfair fraction.
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5.3.1 Conditional Utilities

We begin by de ning the proposer's conditional utilities. Sige each player
chooses between two pure strategies, the pure-strategy spacetams four pure-
strategy pro les. We express the proposer's conditional utilies with the 4 4 matrix

1j2, Which has the form

2 3
i2(H; AJH; A)  4p(H; AJLA)  g2(HAJHSR)  q2(H AJLR)
8 (L AJHA) (L AJLA) (L AJHIR) (L AJLR)
12 =

2(HiRJHA) - 12(HIRILA) - g2(HRJH;R) - 42(H RILR)
42(LRJH;A) - g2(LRILA) - g2(LRJHIR)  42(L;RILIR)

The rst column describes the proposer's utility given that theresponder commits
to s, = (H;A), the second column describes the proposer's utility given thahe
responder is committed tos, = (L;A), and so forth.

Since the proposer's only social consideration is that the regmter might reject
the low o er, the proposer has no need to modify its utility if the responder commits
to a pure-strategy pro le in which the o er is accepted. Giventhese commitments,
the proposer's conditional utility is simply the normalized @yo s from the payo

matrix in Table 2.5. This speci es the rst two columns of yj;:

2 3 2 3 2 3
1j2(H; AjH; A) 1;2(H; AjL; A) 1 h
(LAIRA) 7 g w2(LAILA)Z _ 1 1 1
J2(H; Rj(H; A) RpHRILAY, 2 1 ha g
12(LiRj(H; A) 1;2(L; RL; A) 0

If, however, the responder commits to a strategy pro le in whit the o er is

rejected, the proposer tempers its desire for payo by theemperance index 0

2The intuition behind the temperance index is identical to the intemperance index from the
satis cing model, except that we reverse the direction: the higher the temperance index, the me
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1. If =0, the proposer ignores the responder's preferences and thaspibility that
it might reject the oer. If =1, the proposer completely defers to the responder's
preferences and gives maximal utility to if; a). In either case, the proposer assigns

zero utility to having the o er rejected. This gives us the thrd and fourth columns

of 4

2 3 2 3 2 3
1j2(H; AjH; R) 12(H; AJLR) 1 @@z hn+ (2 1 h
(L AHR)7 8 p(LAILR)Z 1 @ Ha n
pHRIHR)Y B p(iRILR)Z 2 1h 0
12(L;RjH; R) 12(L;RILIR) 0

Now we can write player 1's conditional utilities as a single ntax:

2 3
1 h1 h(@)HL N+ @1 h @ YL h+ @1 h
1 f11o1 @ Ha @ Han
T 21 hg 0 0 0
0o 0 0 0

Next we de ne the responder's conditional utilities. The only soial consid-
eration facing the responder is a desire to punish the proposer fois o ering an
unfair fraction. Therefore, if the proposer commits to a straggy pro le in which the
high fraction is o ered, the responder’s utilities come diretly from the payo matrix,

giving us columns 1 and 3 of ,:

2 3 2 3 2 3
;1(H; AjH; A) j1(H; AjH; R) h
41(LAJHA)Z g au(LAHIR)z 1 gl
(R A, 8 urirjHiR)Z P Bo
j1(L; RjH; A) 21(L; RjH; R) 0

the proposer is willing to accommodate the responder. While this reversal may & slightly confusing,
it ensures that if the responder sets =0, its utilities revert to the payo s from the payo matrix.
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If the proposer commits to a pure-strategy pro le in which the éw fraction is o ered,
the responder increasingly prefers to punish the responder byaeting the o er. We
model this with the indignation index O 1, which describes the responder's
response to being o ered the low fraction. As approaches 1, the responder is in-
creasingly willing to forfeit the low fraction, and places alof the utility on rejecting

the low fraction:

2 3 2 3 2 3
;1(H; AL A) ;1(H;AJLIR) h(1 )
q(LAJLA) 7 - 8 xa(LAJLR)Z - 1 gl )
aHiRILA)Y 8 sHiRILRZ '*NE 0 %
1(L; RLA) 2;1(L; RjL;R) (I+ h)
Combining these columns into the full matrix, we get
2 3
h h1 ) h h@ )
1 gL 1@ )y r1a )

21 =
I+h8s 0 0 o

0 (+h 0 (I+h)

Note that for both players, the conditional utilities reduce b normalized versions of
the payo matrix|and are independent of the commitment of th e other playerl|if
social considerations are ignored (=0 or = 0).

5.3.2 Marginal Utilities

As in the two-player example from Section 5.2.2, we set up twogenvector

equations to compute the marginal utilities:

1= 12 21 1,

2= 21 12 2-
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To nd the solution for the marginal 1, we consider the eigen-decomposition of
12 21. Since the analysis is tedious and not terribly enlighteningwe relegate
the details to Appendix B. Fortunately, the eigen-decomposibn yields a unique,

normalized eigenvector for = 1, which is the solution for the marginal ;:

2 3 2 3
1(H;A) @ m+ @
(LA)Z 1 1 |

t (H:R) "2 1 h+ (1)) 0
1(L;R) 0

This result is gratifyingly intuitive. If either player ignores social considerations (= 0
or =0), player 1's utilities revert to the (normalized) raw payo s. Otherwise, the
relative utility for s; = (H;A) increases according to the product (1 1). Setting
@ hy+ (@ 1)=1 I, we can show that player 1 is indi erent between the

strategy pro les (H; A) and (L; A) when

h |
@

When s greater than this quantity, player 1 prefers H;A) to (L;A), even though
it results in lower raw payo .
To nd player 2's marginal utilities, we consider the eigen-deomposition of

1j2 2j1, Which also yields a unique vector for = 1:

2 3 2 3
»(H; A) h@ h 1+ @1 1) 1)
8 LAY 2 h 1+ @1 1) 1)
2” J(H:R) T+ hE | h
2(L;R) (+hma n
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Although player 2's utility is more complicated, we still can ¢gan an intuition from

its form. We see that if =0, the utilities are those from the payo matrix. Notice,

however, that player 2's utilities arenot simply those from the payo matrix when
= 0. Regardless of , player 2 assigns nonzero utility tos, = (L;R) as long as

player 1 has nonzero utility for C;A). When

_h@ h oy
~(h@ H)+na

player 2 is indi erent between (;A) and (L; R). When exceeds this equality, player
2 prefers (;R) to (L; A). Infact, it is even possible, for su ciently high , for (L;R)
to be the most preferred strategy pro le, preferred even toH;A)! This, however,

does not a ect the Nash equilibria that result, as we shall see in ¢hnext subsection.

5.3.3 Equilibria

To examine the equilibria of the Ultimatum game using social utties, we take
the marginal utilities from ; and , and arrange them into a game tree. While the

exact utilities depend onl, h, , and , the game will always have the form given in

Figure 5.3, where

@ h+ @ 1)

"2 1 ht @ 1) (5:25)

~h@ h 1+ @ ) 1)

S (+h@ I h+ @ n’ (5.26)

1@ h 1+ @ 1),

S (+h)@ | h+ @ 1) (.27)
(I+h@a (5.28)

“U+m2 1T h+ @ 0y

For convenience, we also display the normal-form representatiin the payo matrix

of Table 5.1.
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Figure 5.3: Game tree for the Ultimatum game with social utilities.

Table 5.1: Payo matrix for the Ultimatum game with social utilities.

Responder
Proposer (A,A) A/R) (R,A (R R)
H G ) G ) (00 (060
L @a ;) ©H @ ;) O

Depending on the parameters, there are four possible cases. When 1=2 and
I <, there are tw@ pure-strategy equilibria: s = (L;A) and s = (H;A). However,
s=(H;A) is an equilibrium only if the responder plays &; R) and threatens to reject
the low fraction. This strategy is not a credible threat sincé <  and the responder
prefers to accept (rather than reject) the low fraction. Theunique subgame perfect
equilibrium is therefores = (L;A).

Next, we consider > 1=2 and! < . Now the proposer prefers to o er the
high fraction. Again, the Nash equilibria ares= (L;A) and s=(H;A). However, in
this case thes = (L;A) occurs only when the responder threatens to reject the high
fraction, which is not credible. Therefore, we are left witls = (H; A) as the subgame
perfect equilibrium.

In the third case, < 1=2 and! > . Now, the responder prefers to reject

the low o er rather than accept it. The two equilibria ares = (H;A) and s=(L;R).

3Just as in Section 2.2.1, we abuse notation by denoting the eventual actions playedut rather
than the full strategy of the responder, which is expressed as a function of the pragser's move. In
this sense, there are more than two equilibria for these cases, but multiple equililie result in the
same eventual actions.
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However, since thes = (L;R) equilibrium results when the responder threatens to
reject the high fraction, onlys = (H; A) is subgame perfect.

The nal case, where > 1=2 and! > , has nearly the same analysis. Even
though the proposer now prefers to o er the high fraction, thesquilibria are still
s=(H;A) and s = (L;R). Again, the s = (L;R) results only when the responder

threatens to reject the high fraction, so onlys = (H; A) is subgame perfect.

g (HA)(LA) ~ o h=0:51=0:18
09r ' R h=0:5;1=0:2§
Yo ‘== h=0:51=0:35
0.8F \,‘ : i
07t N co !
' A -1 (H;A) (LR)
: N I,
0.6 SN P
o5t (L;A); (H;A) - L ’_'
: N,
0.4+ . Ny
L
0.3f 1 el
z 1 ~‘~'~‘-‘
0.2 : ,
. 'O (H;A)(LR
oa] [ERGRSH()
- ]
0 1 1 1 1 J
0 0.2 0.4 0.6 0.8 1

Figure 5.4: Ultimatum game equilibria. Subgame perfect equilibria arebold.

Since the game is played sequentially, the subgame perfect diguum de-
pends more on than on . If the responder's indignation is su ciently high that
(L;R) is preferred to (; A), then it can credibly threaten to reject the low fraction,
and the proposer must o er the high fraction to obtain any payo. Thus, by changing

, the responder can force the overall outcome tdH{A). Such reasoning leads us to

consider evolutionary games in the attitudes and similar to the indirect evolu-
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tionary dynamics discussed in [29, 30] or the attitude dynamigqzresented in Chapter

4. However, we do not consider such games in this thesis.
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Chapter 6

Conclusion

6.1 Summary

We have sought to combine the merits of satis cing game theory thithe more
traditional non-cooperative game theory. This e ort was mtvated by the fact that
satis cing players|while socially exible due to the probabili stic structure of their
utilities|may behave incoherently because they consider the peferences of other
players, but not the strategies they play. We have presented twdistinct methods of
accomplishing this task, both of which allow players to considehe actions of other
players. We have applied these to the Ultimatum game, which is pblematic under
both the non-cooperative and satis cing frameworks.

In our rst approach, we let the players' attitudes to evolve acording to
the replicator dynamics of evolutionary game theory. This llows players to adapt
their attitudes in order to improve raw payo s, adding a \layer" of self-interest to a
satis cing game. The attitude dynamics leads players toward &lash equilibrium in
their attitudes|rather than in their actions|that we term an  attitude equilibrium.
In the Ultimatum game, attitude equilibria exist where both the high fraction and
the low fraction are accepted. However, the solutions wheredhiesponder rejects the
o er|which were possible under the original satis cing formulation|are eliminated
by the attitude dynamics. Incoherent behaviors are elimin&td, while social exibility
is preserved.

Our second approach is to introduce conditional utilities dectly into non-

cooperative games. We de ne conditional utilities over thergire pure-strategy space
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so that players' marginal utilities may consider other playerspreferences as well as
the strategies they choose. We may then apply traditional noneoperative solution
concepts to the marginal utilities such as the Nash equilibriumWe present a simple
social utility model for the Ultimatum game, nding that we can change the subgame
perfect equilibrium by adjusting the players' attitudes, allaving subgame perfect equi-
libria where both the high and low fraction are accepted. It also possible for the
rejection of the low fraction to be a Nash equilibrium, but thisequilibrium is not
subgame perfect.

As with the attitude dynamics, we avoid incoherent behaviors hile keeping
the exibility of the conditional utilities. However, it is th e author's opinion that this
method is the superior approach to combining satis cing and nenooperative game
theory. Instead of introducing a \patch" on the satis cing modd by injecting self-
interest into of the existing structure, we embed the conditioal structure directly into
players' utilities. The blend of self-interest and consideratio for others' preferences
emerges naturally out of the structure of the utilities, and icoherent behaviors are
avoided naturally since we can use traditional solution conceprelated to the Nash

equilibrium.

6.2 Further Research

This thesis leaves open several areas for future work, mostijated to the
use of social utilities in non-cooperative games. First is the @olem of solving for
players' marginal utilities in complicated utility networks. In a two-player network,
the cyclical nature of the conditional utilities leads to aneigenvector problem. If
a unigue eigenvector exists for the eigenvalue = 1, we can solve analytically for
the players' marginal utilities. However, for a fully-conneatd network of three or
more players|where each player's utility depends on the comntments of every other

player|we cannot solve for the marginal utilities using a simple eigen-decomposition,
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even if unique utilities exist. It may not even be possible to sadvfor the marginals
in closed form. Therefore, it may be fruitful to explore algathms by which we may
solve iteratively for players' marginal utilities and discovewhen unique marginals do
not exist.

We also have restricted our attention to games where players' ategy sets
are nite. One could investigate the consequences of genezalg to the case of un-
countable strategy sets. The utilities would then take the fornof probability density
functions rather than mass functions. For acyclic networks, # extension seems
straightforward. However, for cyclic networks, even with onlytwo players, contin-
uous strategy sets prevent us from solving for the marginals ugira matrix eigen-
decomposition. However, the conditional utilities may de nean in nite-dimensional
operator which we may diagonalize to solve for the marginals.affing this, we may
also apply numerical techniques to approximate the players' anginal utilities.

Finally, we previously hinted at extending the conditional stucture proposed
in Chapter 5 by playing evolutionary games in the player's ditudes, allowing each
player to adjust their attitudes in an attempt to force the equlibrium it prefers. Such
an approach may provide a method for choosing players' attitw$ according to the

structure of the conditional utilities.
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Appendix A

Justifying the Probabilistic Structure

In this appendix we give an axiomatic justi cation for the corditional utility
structure used throughout this thesis, particularly the way in vinich we combine the
conditional utilities to extract a marginal utility. A simil ar justi cation has been
given by Stirling in several di erent contexts (see [21, 27]).

Our axiomatization bears resemblance to that given by Cox in3[L, 32]. In
these publications, Cox intends to prove that the use of a standaduprobability mea-
sure' is a necessary and su cient condition to satisfy several seeminghatural and
intuitive axioms. However, Cox's arguments are somewhat vagyearticulated, and
attempts to make Cox's theorem rigorous have been probleniat(see [33] for a de-
tailed description of these di culties).

Our approach is separate from that of Cox. We use a di erent set @xioms to
justify a somewhat weaker result. In our approach, we deal witlufictions which take
point-valued arguments (rather than measures de ned on sets @ Cox's treatment),
allowing us to avoid the issues raised regarding Cox's result.

In this appendix, we use the conditional-utility notation usel in Chapter 5,
although the result also applies to the probabilistic structuref satis cing game theory
given in Chapter 3. We extend our notation to deal with the utiities of sets of players.
For disjoint setsJ; K |, let ;x denote the joint utility of the playersin J[ K, and
let ;j«x denote the joint utility of the players in J conditioned on the commitments

of the players inK .

10r, more precisely, the use of a measure isomorphic to a probability measure.
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Axiom 1 (Conditioning) Players may express their utilities conditionally as func-
tions of the (hypothetical) commitments of other players.

This axiom simply posits the existence of conditional utilitis of the form ;.

Axiom 2 (Normalization) Any utility of the form ;;x must be non-negative and
sum to unity; that is, X

Jjk (Sijsk) = 1;8s¢ (A.1)

Sj
and

sjk (Sijsk)  0;8sj; s (A.2)
Normalization is a fairly mild constraint. As we saw in Chapter 5any von Neumann-
Morgenstern utility can be transformed into a normalized utity via a positive a ne
transformation. Further, normalization limits the interpersonal comparison of utilities
that results from the conditional utility structure. Normalized utilities are expres-
sions of dimensionleselative bene t rather than utility on a personal|and therefore

arbitrary|scale.

Axiom 3 (Endogenous aggregation) For disjoint subsetsJ; K 1, the joint util-
ity jk Is endogenously aggregated if there is some functibf; ], nondecreasing in
both arguments, such that

ik = F[ JiK s k] = F[ JGK 05 K ol; (A.3)

whereJ®and K ° are arbitrary disjoint subsets ofl such thatJ°[ K°= J[ K.

The endogeny axiom ensures that the joint utilities (and, as &shall see, the resulting
marginals) are independent of the \framing" of the problem. Br example, if we have
two players, where one player's utility is conditioned on theommitments of the other,
the joint utility is 1o = F[ 42; 2]. However, endogeny ensures that we can frame
the problem di erently|where player 2's utility is conditi oned on the commitment
of player 1land get the same joint utility 1o = F[ z1; 1].

Theorem A.1 (The Aggregation Theorem) The joint utility ;« is endogenously

aggregated if and only i [ ; ] is isomorphic to multiplication; that is, there is a bi-
jection f such that, for any endogenous aggregatié ; ],

fCuw)=T(F[ sjks kD= sk «: (A.4)
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Proof:  Su ciency is established by setting F[x;y] = xy and requiring that the
utilities be non-negative.F[ ; ] is nondecreasing in both arguments, and since multi-
plication is associative, there exist utilities j; and ; suchthat k3 ;= 3k k-

To show necessity, let); K;L be mutually disjoint subsets ofl . De ne the
utilities  jkL , JjkLs JkijLs Jk . Jjk.and 5. If F[; ]is an endogenous aggregation
function, it must satisfy

ke = F[ ajkes k1= F[ ook L] (A.5)
However, we also have
ke = F[ ki ol (A.6)
and
akiL = F[ ogjkes kgl (A.7)

Substituting (A.6) and (A.7) into (A.5) gives us
F ook Fl ke o]l = F FLogjkes kil o (A.8)
In terms of general arguments, we can rewrite (A.8) as
FIXF(y:2]= FIF(Xy);z]; (A.9)

which is the well-studied associativity equation. It is shown if34] that the general
solution to (A.9) is isomorphic to multiplication: for any F[ ; ] satisfying (A.9), there
exists a bijectionf such that

FIFOGyI = £ () (y): (A.10)

If we chooseF (x;y) = xy, f () is the identity function, givingus ;«k = F[ 5k; «]=

Jjk k. Again we require that the utilities be non-negative to make~( ; ) non-

decreasing in both arguments. Any other choice &f( ; ) must be isomorphic to such

an aggregation. [ |

Theorem A.1 gives at least partial justi cation for the use of ;x = ;k «
(called the chain rule or the product rule in probability theory) in aggregating condi-
tional utilities into a joint utility. The choice of the prod uct rule, combined with the
other axioms, necessarily leads to the formation of marginalilities by summing over

the joint utility. For players 1 and 2, summing over the joint uility of both players
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gives

X X
12(S1; S2) = 1j2(81)S2) 2(S2) (A.11)
s12S s$12S
X
= 2(s2) 1j2(81]S2): (A.12)

3123

Since the conditional utility ;;, must sum to unity, we get the following expression

for the marginal utility »(sy):

X
2(S2) = 12(S1; S): (A.13)

5125

Since endogenous aggregation also allows us to partitioy into the product of (s;)

and ,1(spjs1), we can also write player 1's marginal utility as

X
1(s1) = 12(S1; $2): (A.14)

S22S

In our treatment, we have required that the joint utilities be formed by an
interchangeable aggregation function. If we dene, = 4 2, there must also
exist utilities 1 and ;1 suchthat 1, = 1 ;1. How are these \alternative" utilities
related to the original conditional utility formulation? By setting the two aggregations
equal to each other, we see that they are related by the famitiayes' rule from

probability theory:

21(S20S1) 1(S1) = 1j2(81S2) 2(S2); (A.15)
21(S2is1) = 1j2(51j1:)1)2(82)2 (A.16)

The conditionals ;; and ; encode the same dependency information asj, and

2, and result in the same joint and marginal utilities. It is interesting to note that
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we can model the players two di erent ways|one in which player 1 conditions its
utility on player 2's commitments, and one in which player 2 caditions its utility on

player 1's commitments|and end up with identical joint and marginal utilities, and

therefore identical resulting behaviors.
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Appendix B

Marginal Utilities for the Ultimatum Game

First, we solve for the proposer's marginal utilities, which mussatisfy the

equation 1= 32 21 1. Our rststepisto nd the product 4 g1, Whichis

2 3
1h @ X+ @hs @) 1h @h@ ) @h+ @)
1 11 @@ » @h+t @) 11 @@ ) @ h+ @l
AT 2 1 n(+h g, 0 0 0
0 0 0 0

(B.1)
We already know that =1 is an eigenvalue for this stochastic matrix. To nd the

corresponding eigenvectors, we must solve the equation, 1 1) 1= O:

2 32 3 23
1h (21 h) 1 h@ )+ @ h+e (21) @h  @h@ )+ @h+ @) 11 0
11 @na y» @h+ @) @rh @l @ na )+ @h+ @l 127 807
0 0 2 1 h) 0 1:3 ) 0 .
0 0 0 2 1 h) 1:4 0

(B.2)

Fortunately, it's clear that ;3= 14 =0, leaving us with the system of equations

(T h 2+1+h) 5+ (Q MHA )+ @ h+ T 1) 12=0; (B3I

T Dwu+@ HA H)+ @ T @ 1) 2+1+h),2=0: (B4
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These two equations simplify to the single constraint

@ 1) w=@ h+ @ 1) 12 (B.5)

This equation de nes the family of eigenvectors for = 1. Fortunately, there is
only one linearly independent eigenvector, so unique marginutilities exist. The
proposer's marginal utility, which is the normalized eigerector, is

2 3
1 h+ (@ 1

1 (I
T2 01 h+ @0

0
0

To nd the responder's marginal utilities, we could solve for tle eigenvectors
of 51 2. However, it is much simpler and more direct to use the fact that , =

51 1. Since 1 is now well-de ned, we can evaluate the result:

2 3 2 3
h h@ ) h h@ ) 1 h+ (@1 1)
1(1 I 1@ ) 1 1 1
0 0 42 1 h+ (@ ) 0
0 (I+h) 0 (I+h) 0
(B.6)
2
h2 h 1+ @ D 1)
_ 2 h 1+ @ N 15
T+ hE | h E ' (B.7)

(I+h@a 1)
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